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SCOPE 

The modeling of heat transfer in packed beds is a topic of 
great importance in the analysis and design of catalytic reactors. 
A packed bed is an extremely complex random geometrical ar- 
rangement, and any tractable model must represent a greatly 
simplified description. In particular, pseudo-homogeneous 
models have en joyed widespread acceptance, due to their 
convenient mathematical form. The many heat transfer phe- 
nomena of a packed bed are lumped into only a few effective 
parameters in such models, making it very difficult to extrapo- 
late empirical correlations from laboratory conditions up to 
plant-size equipment, as the controlling heat transfer mecha- 
nisms may be quite different. 

The simplest representation of radial heat transfer uses a 
single overall heat transfer coefficient U in a one-dimensional 
model of axial temperature profiles. Wellauer et a1 (1982) have 
shown that this quantity must be carefully built up from the 
effective radial conductivity k, and apparent wall heat transfer 
coefficient h, of a two-dimensional model, rather than relying 
on empirical correlations. The k, and h, must in turn be pre- 
dicted from correlations for the individual fluid and solid phase 
parameters, which represent few enough physical phenomena 
to be safely extrapolated. 

A set of parameter relations for steady state heat transfer has 
been presented by Dixon and Cresswell (1979), which success- 

fully predicted limited data on k, and h, from the underlying 
two-phase model parameters. The derivation of the formulas 
and the formulas themselves involved much mathematical 
manipulation, put a special emphasis on the fluid phase, and 
did not appear to admit to a physical interpretation. The testing 
of the formulas was also limited by the lack of reliable corre- 
lations for the individual fluid and solid contributions. 

Recent results of radial fluid dispersion of heat and mass 
(Dixon et a]., 1984) and solid conduction (Melanson and Dixon, 
1985) have remedied this situation and have suggested a greater 
influence of the solid phase, especially at low tube-to-particle 
diameter ratios, than had at first been supposed. Some system- 
atic deviation of the predicted h, from experimental data was 
also observed. 

The objective of this study is to generalize, extend, and pro- 
vide a physical interpretation of the parameter relations found 
previously. This is done by showing that previous formulas 
correspond to certain thermal resistance models of fixed-bed 
heat transfer. This interpretation provides an intuitive method 
of deriving alternative parameter relations, simply by choosing 
different resistance networks, which may include the original 
models as special cases. Likely candidates can usually be jus- 
tified by mathematical analysis and compare favorably with 
reliable experimental data. 

CONCLUSIONS AND SIGNIFICANCE 

The overall heat transfer coefficient based on the bed average 
temperature is given by 

1 1 R  -=-+- 
U h, 4k, 

which relates one- and two-dimensional fixed-bed heat transfer 
models. 

The formulas relating one- and two-phase models are 
1. Effective axial conductivity 

ka = kaf+ kas 

2. Effective radial conductivity and apparent wall heat 
transfer coefficient 

B i f ( s  h,fR/k,f) (high Re) 
Bi& h,R/k,) (low Re) 

Comparison with experiment shows that good prediction of 
k, is obtained using the high Re version (Bi = Bif) for Re > 50, 
which covers the practical range of reactor operation. For Bi 
itself, good estimates may be obtained from Bi = Bif for Re > 
1000, and from Bi = Bi, for Re < 10. These will usually over- 
estimate Bi; the formula 

1 1 1  - _  --+- 
Bi Bif Bi, 

appears to underestimate Bi and is often more accurate in the 
intermediate range. 

These formulas have a simple physical interpretation in terms 
of thermal resistances and can be verified by mathematical 
analysis. They include only those terms of importance in steady 
state model matching. For the transient case, completely dif- 
ferent formulas may be necessary, as shown for k, by Cresswell 
and Dixon (1982). 

Correlations for individual phase parameters for low d,/d, 
and various packing shapes are fast becoming available, so that 
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use of these parameter relations should allow a range of so- 
phistication in steady state fixed-bed heat transfer modeling 

over the entire range of Reynolds number, particle conductivity, 
particle size and shape, and equipment dimensions. 

INTRODUCTION 

The main heat transport processes in a fixed bed may be repre- 
sented by individual phase thermal conductivities and by heat 
transfer coefficients, as shown in Figure 1 for the case of spheres 
as packing. The bed is essentialiy divided into a mixing phase 
(flowing fluid) and a conduction phase (solid plus stagnant fluid). 
All radial transport through the mixing phase is lumped into krf 
and through the conduction phase into b,. All axial transport, apart 
from bulk flow at the bed superficial mass flow rate G, is similarly 
lumped into kaf and k,. Interphase heat transfer is included in the 
coefficient h, which also contains the resistance to solid conduction 
from the surface of a pellet to that point where the average pellet 
temperature is attained. Additional resistances are placed at the 
wall in each phase, reflecting a decrease in k, near the wall, due 
to the higher void fraction resulting from the change in packing 
geometry, and also a decrease in k,f, due to the damping of tur- 
bulent eddies near the wall. These are represented by the transfer 
coefficients h,, and hwf, respectively. 

Fixed beds are commonly modeled by pseudo-continuum 
models; these may be one- or two-dimensional, depending on 
whether radial temperature profiles are important, and may ex- 
plicitly include both phases or only a single pseudo-homogeneous 
phase. The transport processes enter into single-phase two-di- 
mensional models by way of effective bed conductivities k, and 
k, and an apparent wall heat transfer coefficient h,. A one-di- 
mensional model lumps all radial resistance into a single overall 
heat transfer coefficient U ,  as discussed in the following section. 

As the level of complexity of the models decreases, the number 
of heat transfer parameters needed in each model also decreases; 
however, those parameters must make up for this by representing 
more and more heat transfer phenomena. It therefore becomes 
very difficult to obtain empirical correlations for such parameters 
and very dangerous to extrapolate such correlations from lab 
conditions to the equipment sizes and flow rates of industrial 
practice. One way of circumventing this difficulty is to provide 
relationships between the more fundamental two-phase model 
parameters, which presumably may be more readily correlated 
and extrapolated, and the effective parameters of simpler models. 
The designer of fixed beds is thereby provided with a hierarchy 
of models from which to choose and the means to quickly and re- 
liably convert from one to another. 

Formulas relating the one- and two-phase two-dimensional 
model parameters have been presented by Dixon and Cresswell 

Figure 1. Fixed-bed heat transfer mechanisms and parameters. 

(1979) and were later used by Wellauer et al. (1982) to obtain 
overall heat transfer coefficients. These formulas were obtained 
by a perturbation-collocation analysis of the model equations, and 
a subsequent matching of the one-phase and fluid phase temper- 
ature profiles. It is desirable to remove the asymmetry of treatment 
by considering also the solid phase, and also to understand the 
parameter relations in terms of their physical implications for 
fixed-bed heat transfer. This is attempted in this work by the use 
of thermal resistance models. 

Any resistance model of such a complex geometrical configu- 
ration as a packed bed must represent a greatly simplified picture 
if it is to be of any use for quantitative prediction. The purpose here 
is to present models of limiting cases, which may be used to extend 
and generalize the previous model-matching formulas of Dixon 
and Cresswell (1979), which will be shown to correspond to the 
limiting case of relevance to fixed-bed reactor design, namely, the 
high flow rate asymptote. 

RELATIONS BETWEEN ONE- AND TWO-DIMENSIONAL 
MODELS 

It is preferable to use one-dimensional fixed-bed models 
whenever possible, as ordinary, rather than partial, differential 
equations result. This is especially necessary in studies of reactor 
control. In such models the radial heat transfer is represented by 
a single parameter 

Wellauer et a]. (1982) have shown that the overall heat transfer 
coefficient U’ must be carefully built up from k, and h,, where 

and these in turn from the two-phase parameters, to get good 
prediction of the temperature profile in low dt /d ,  beds. 

Relations between the parameters have been reviewed by Hla- 
vacek (1970) and Froment (1972). An addition of resistances for- 
mula can be found by one-point collocation (Finlayson, 1971; 
Villadsen and Michelsen, 1978) or other methods: 

(3) 
1 - 1  R + -  
U h, a k ,  

Various values of a have been used, corresponding essentially to 
different choices of collocation point. Beek and Singer (1951) found 
a = 4 in an early study, while more recently Crider and FOSS (1965) 
obtained a = 6.133 and Finlayson (1971) recommends a = 3. For 
finite Bi, Villadsen and Michelsen (1978) show that the best choice 
is that which leads to a = 4. 

Wellauer et al. (1982) used asymptotic flux matching (i.e., they 
used the first term only of the infinite series solution to the model 
equations) to obtain 

--- 

U‘ = hwJo(X1)  ( 4 4  

where A1 is the smallest root of BiJO(X) - hJ,(X) = 0. If hi is ap- 
proximated by XI = SBi / (Bi  + 4), and also JO(X1) = 1 - Xf/4, 
both of which are good for small Bi, then 

(4b) 
1 - 1  2R 1 1 R  

+--+- + -  U’ h, k, 4-231 h, 2k, 
--- 
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Flgure 2. Resistance models of flxed-bed heat transfer. 

as Hi -+ 0, which has previously been given by Froment (1972). 
In the present work, a relation is needed for h, and this is readily 

derived as 

R 1 R  
4zr hw + 4k, 
_ -  -- (5 )  

or in dimensionless form, introducing fluid molecular conductivity 
kf, as 

g, k, Bi 
k f - k f B i +  4 

--- 

which follows directly from Eq. 5. 
A pseudo-continuum two-phase model might well be repre- 

sented as shown in Figures 2c and 2d, in which case similar resis- 
tance formulas hold: 

and 

R 
Rs = R,, + R,,, = - 

4ks 

1 1 1  + -  -=- 
Rtot Rf Rs 

(13) 
1 + -  

hws 

The interphase resistance, Rfs, presents problems both in its location 
in the network and in the sohtion of the resulting network. Previous 
work (Cresswell and Dixon, 1982; Melanson and Dixon, 1985) 
suggests that this term is of lesser importance in steady state 
modeling, and it will be modified in the following exposition for 
mathematical convenience. The expression of Rfs in terms of h now 
completes the catalogue. The solid-to-fluid resistance is represented 
by the lumped parameter h where 

and h is defined with respect to the difference between the fluid 
temperature and the average solid particle temperature for the 
continuum model. 

Here h is based on unit particle surface area and must be cor- 
rected to the same basis as the other transfer resistances. The con- 
version is made bv 

h(surface area of packing) 
surface area of packing 

packing volume 
= h(surface area of wall) 

R 
2 

= ha - (surface area of wall). 

Similar relations may be derived between the one-dimensional Thus haR/2 is the interphase transfer coefficient based on unit 
and two-dimensional two-phase models, giving wall surface area, showing that 

THERMAL RESISTANCE MODELS OF RADIAL HEAT 
TRANSFER 

A pseudo-homogeneous fixed-bed heat transfer model may 
represent the radial resistance as either a single resistance for the 
whole bed (Figure 2a) or as bed center and near-wall resistances 
in series (Figure 2b). 

In this work, all resistances will be based on unit wall area, so that 
the area terms may be omitted for clarity. The total bed resistance 
(with respect to the temperature difference (Too - T, ) )  may be 
interpreted as 

or as 

R 1  
4kr hw 

Rtot = R, + Rw = - + - 
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2 
haR 

Rfs = - 

The various resistances have now all been expressed in terms of 
transport parameters, and thermal resistance models may be pro- 
posed to give relations between the parameters. 

High Re Case 

For high flow rates the main transport mechanism is by turbulent 
mixing in the fluid phase. When this is much faster than solid phase 
conduction, most of the energy is transferred directly through the 
fluid phase and does not pass through the interphase resistance. 
Thus the simplified picture shown in Figure 3a may be used, in 
which the interphase resistance is located totally within the solid 
pathway. 

Then 

Substituting in 17 gives 
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Figure 3. Alternative placements of the Interphase resistance. 

4rr - 4& + -+-- --  
R R [irS h:R]-' 

and multiplying by R / 4 k f  and expanding the average conduc- 
tivities (k , /k ,  = (Bi  + 4 ) / B i ,  etc.) then 

k,  Bi - krf Bif k Bi, + 4 
kf Bi + 4 kf Bif + 4 + [< 7 + %I-' (20) 

Now defining N ,  haR2/krs gives, upon rearrangement 

This expression does not allow the separation of k, /kf  and Bi, and 
a second relationship must be found. 

Assuming that at high flow rates the bed as a whole behaves in 
a similar fashion to the fluid phase, take 

% = R d  
Rw Rwf 

or 

Then multiplying through in the previous expression gives 

Equations 22 and 23 were derived before by a perturbation-col- 
location argument by Dixon and Cresswell (1979) and used suc- 
cessfully to predict k, and Bi at moderate to high Re.  

If the interphase resistance is omitted, Eq. 23 reduces to 

and on recognizing that 

-= k7s ( 1 + - -  
kf 

the "short form" of Melanson and Dixon (1985) is obtained 

kf  kf kf  Bif 
5 = $ + L S  Bif + 4 

(24) 

which they showed differs insignificantly from the longer form 

of Eq. 23 for steady state modeling at reasonable flow rates. 
By analogy with mass transfer studies (Dixon et al., 1984) it is 

known that for large R e ,  k,f is proportional to R e ,  whereas Bif is 
proportional to Re-0.4, so that (Baf + 4 ) / B i f  Re0.4; thus the fluid 
contribution does dominate Eq. 25 for Re - w; however, the solid 
contribution is significant, certainly over the Re range usual in 
laboratory work. 

It would not be correct to examine the limit Re + 0 under the 
current high Re case; however, it may be noted that Eq. 24 may 
also be written as 

(26) 
1 1 I k,,/kf Bi, Bif + 4 

Perf RePr (Bi, + 4 )  ( Bif ) =- 

and that as Re - 0, Pe, --* 0 also, regardless of the behavior of Sir. 
Thus values of Per may be relatively accurately predicted by this 
formula even for low R e ,  although the derivation of it is inappli- 
cable to that case. 

Low Re Case 

At low enough flow rates conduction becomes the dominant 
transport mechanism, and most of the energy is transferred directly 
through the solid phase. The simplified picture of Figure 3b may 
be applied, and the development is analogous to the high Re 
case: 

(27) 

(28) 

1 1 + -  
Rtot Rf + Rfs Rs 

-~ 1 _ -  

1 1 + - - 
Rcf + Rfs + Rwf Rcs + Rws 

leading to 

using the definition 

This time set 

giving Bi = Bi, and also 

k,  - k,  + $ (Bi, + 4 )  
kf kf  kf Bi, 

+ L]-l (31) 
Bif NF 

--- 

Again omitting the interphase resistance leads to a short form 

(32) 
k k,, k, Bi, + 4 Bif 
< = F + $ ( F ) ( B i f +  4) 

This case may be correctly reduced to the limit Re - 0, 
giving 

h d Bi + 4 Bi j  
+ E l + -  - k i  - krs 

kf  kf ( YJ ) ( ;is ) (Bi j  + 4) (33) 
- _ -  

where Bii  is the limiting value of Bif as Re - 0. This value has not 
yet been established by fluid phase studies, although Eq. 33 suggests 
that it should be nonzero to retain the fluid contribution to k,". 

Equation 33 also shows that the fluid phase contribution to the 
stagnant conductivity should be corrected for wall effects, at least 
for low d t / d p .  In laboratory experiments this term is usually neg- 
ligibly small in comparison with kTS, so that the relative success of 
stagnant conductivity prediction formulas that omit this correction 
(for example, Kunii and Smith, 1960) is not surprising. At higher 
temperatures, where radiation is significant, the correction may 
be important. 

The inappropriate limit of Re ---r m, applied to Eq. 32, gives k, 
a Re0.6, which is not observed experimentally, and hence this 
equation will not do for the entire range of Re.  
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Figure 4. Comparison of formulas with data for Per. 

intermediate Re Case 

For the case when significant energy is transferred through both 
phases, one might try a resistance network such as that shown in 
Figure 3c. The difficulties arising from placing Rj, between the 
phases are demonstrated by solving even this very simple network, 
which, after some gruelling algebra, finally yields 

- 

methods. In addition, the comparisons of Eqs. 22 and 23 with data 
from several sources made in that earlier work were adversely af- 
fected by both the unavailability of suitable correlations for the 
single-phase parameters and the lack of complete information on 
voidage, particle conductivity, and sometimes even an unambig- 
uous flow rate for some of the studies. 

The comparisons here are made mainly with data for the in- 
termediate Re range, namely, the results of Dixon et al. (1978) for 
ceramic and steel spheres, supplemented with unpublished data 
available from further experiments made in conjunction with this 
study. The equipment used for these new experiments was a fac- 
simile of that for the earlier work and has been adequately de- 
scribed there (Dixon et al., 1978). The packings used were nylon 
and steel spheres, and the method of data analysis was also identical 
to that of the previous work. The comparisons are limited to data 
taken for spherical packings, as the fluid mixing contribution k,f 
has not been adequately investigated for nonspherical particles. 
Further, it should be noted that for Bi a separate comparison must 
be made for each d J d ,  value, so literature data have been selected 
to give similar d J d ,  ratios to those of Dixon et al. (1978) and the 
present study. 

The single-phase parameters were obtained from the correlations 
of Dixon et al. (1984) for the fluid phase and of Melanson and Dixon 
(1985) for the solid phase. Details on the packing materials are also 
available in those references. 

Figure 4 shows the comparison between data and the limiting 
case short forms, Eqs. 25 and 32, for the radial Peclet number. 
Ceramic spheres (average d,/d, = 7.6) are shown in Figure 4a, 
nylon and steel spheres in Figure 4b. As expected, the high Re 
formula is close to the data for the entire Re range, while the low 
Re formula deviates seriously as Re increases. There is a transition 
point at which Eq. 32 is better than Eq. 25, but this is at very low 
Re and is barely supported by the data. The intermediate Eq. 37 
is not shown, but underpredicts Per consistently, coming close to 

kf Bi + 4 1 + - 1 (7 Ns + A) 
2 Ba + 4 Bif + 4 

This result acts as a strong incentive to develop simpler approaches, 
and it is expedient to le;N,,NF .--* 0 above, which gives 

and corresponds once more to the omission of interphase resis- 
tance. 

As Re decreases, the sublayer of stagnant fluid next to the wall 
grows thicker, and most of the energy is transferred by damped 
turbulent mixing up to this sublayer, followed by interphase 
transfer and conduction through the thinner solid phase fillets. 
so 

1 1 1  
f -  Bi Bif Bi, 

- N _ -  

which follows from a picture of fluid and solid resistances in series; 
and then 

These equations reduce to Eqs. 22 and 24, as Re - 03, and to Eqs. 
30 and 32. as Re + 0. 

COMPARISON OF FORMULAS WITH DATA 

The problem of finding adequate experimental data to test the 
model-matching theory was discussed by Dixon and Cresswell 
(1979) and involved questions of the correct selection of experi- 
mental conditions, the choice of a statistically adequate model for 
analysis of the data, and the use of unbiased parameter estimation 

the data for high and low Re only. In view of the good agreement 
of Eq. 25, an intermediate formula is not considered necessary for 
Per. 

In Figure 4a, the packings are all of the same thermal conduc- 
tivity, with 5.6 < d,/d, < 11.1. The dependence of Per on d J d P  
is clearly weak, which should not be surprising as k, should rep- 
resent bed-center phenomena more than wall effects. An average 
d J d ,  of 7.6 was used in the predictive formulas in Figure 4a; 
predicted values are also relatively insensitive to d,/d,. Figure 4b 
shows packings of the same d J d P  but very different particle 
conductivity (nylon vs. steel). The strong dependence of Per on k,, 
is quite clear, and over the Re range considered, the effective 
conductivity appears to be accounted for equally by fluid mixing 
and wall-corrected solid conduction. 

The comparison between predicted and experimental Bi is made 
in Figures 5 to 8, where the transition of the data between high Re 
and low Re asymptotes is clearly seen. The intermediate Eq. 36 
agrees well with the qualitative trends of the data but underpredicts 
all except the 6.4 mm ceramic spheres results. In general the data 
lie within the envelope bounded by Eqs. 22,30, and 36. 

A comparison of Figures 5 and 6 shows that Bi is relatively in- 
dependent of particle conductivity in the intermediate to high Re 
range. However, Figures 7 and 8 show that there is a reasonable 
dependence on d,/d,, especially for low intermediate Re. Figure 
7 shows the lowest d,/d, value, and the results of Kunii et al. (1968), 
which were obtained in the range 300 < Re < 8000, have been used 
to extend the data base to high Re. These results show good 
agreement with the high Re asymptote of Bi = Sir a Re-0.4 and 
also give some indication of the uncertainty in estimates of Bi, in 
conjunction with the data of Dixon eta]. (1978). Figure 8 shows 
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Figure 5. Comparison of formulas for Si with data for 9.5 mm ceramic spheres and nylon spheres (dt/dp = 7.6). 

higher d,/d, data, supplemented at lower Re by the results of 
Valstar et al. (1975). The data in Figure 8 lie closer to the inter- 
mediate Re formula, Eq. 36, than in the other cases. The fluid phase 
radial Peclet number Perf, used in the calculation of B i f ,  was, 
however, taken as Perf = 10 throughout. There is some evidence 
(Dixon et al., 1984) to suggest that a value of 8 may be more ap- 
propriate as d,/d, increases, which would lower the predictions. 
The formulas would then bracket the data as in Figures 5-7. 

This analysis does much to explain previous empirical results. 
The Biot number asymptotes give Bi, a Re0.O and Sir a Re-0.4; 
now data taken under laboratory conditions almost always fall into 
the transition region, so that the exponent on Re should be between 
these limits. Indeed, Dixon et al. (1978) fitted the empirical ex- 
pression 

~i = 5.73 -Re-0.262 (38) 4: 
to the data shown here. Furthermore, the wall heat transfer coef- 
ficient was frequently correlated directly against Re in early 

fixed-bed heat transfer studies, and the wide range of exponents 
found has been remarked upon by Beek (1962) and Froment and 
Bischoff (1979), amongothers. Now Bi = h,R/k, and k, a Re, so 
that it should be expected that h, 0: Re*, where 0.6 < a < 1.0; 
indeed, most of the studies quoted by Beek (1962) gave exponents 
in that range. The particular value of a would depend in which 
part of the transition region the data were taken. Later studies have 
favored the use of the Nusselt number Nu,(= h,d,/kf) as a di- 
mensionless form. The wide scatter in empirical correlations for 
this parameter was partially explained by Dixon and Cresswell 
(1979), and it is now seen that the transition region is responsible 
in large part for the apparent disagreement between various 
studies. 

COMPARISON WITH PREVIOUS MODELS 

Several workers (Yagi and Kunii, 1957; DeWasch and Froment, 
1972; Bauer and Schliinder, 1978) have used a simple addition 

2- 

Y 

0 -  

I 1 1 I 1  1 1 I 1  
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Re 

Figure 6. Comparison of formulas for Si with data for 9.5 mm steel spheres (dt/dp = 7.6). 
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formula for both effective parameters: 

kr = krs + k,f 

h, = h,, + hwf 

(39) 

(40) 

and 

Looking at the implications of this in terms of resistances, the 
equivalent formulas are 

iii) Rt,t = Rc + R, 

The resistance network corresponding to this is shown in Figure 
9a; it should be noted that a decomposition of resistance by region 
is implied by the use of Eqs. 410) and 41(ii), followed by a de- 
composition by phase. 

The inadequacies of Eq. 39 in predicting k, for beds in which 
wall effects are important have been demonstrated by Dixon and 
Cresswell (1979). The use of Eq. 40 has not been tested to such an 
extent. Perhaps the most complete development of a prediction 
formula for h, is that of Kunii and coworkers (Kunii and Suzuki, 
1966, 1969; Kunii et al., 1968); their modification of the resistance 
network is shown in Figures 9b and 9c. 

The main distinctive feature of their work is the assumption that 
wall effects are restricted to a region of thickness d,/2 next to the 
wall. They preferred to define an effective conductivity for the 
wall region, rather than the heat transfer coefficient h,, which they 
computed from 

rather than predicting directly. The resistance network of Figure 
9c leads to 

(43) 

I I , I  I I 1 ,  

Re 
2' lb 2 4 6 8100 2 4 6 81000 

Figure 8. Comparlson of formulas for BI wlth data for 6.4 mm ceramic spheres ( &/elp = 11.1) and 3.7 mm glass spheres (dt/dp = 11.1). 
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and thence 

(44) 
1 kTw = k,", + 

1 1 -+- 
kuf W p l 2  

The k;, was obtained from a modification of the Kunii-Smith 
(1960) formula for stagnant conductivity. A random walk analysis 
of fluid mixing in the near-wall region gave (Kunii and Suzuki, 
1966) 

= 0.02 RePr 
kf 

(45) 

and h; was obtained empirically by analogy with mass transfer 
experiments (Kunii and Suzuki, 1969). The effective conductivity 
k, was obtained from Eq. 39 in the form suggested by Yagi and 
Kunii (1957): 

--- kr - k," + 0.10PrRe 
kf kr 

The results of Eqs. 42-46 are here evaluated for steel spheres 
(d,/d, = 7.5) in Table 1; trends for ceramic spheres were similar. 
As expected, Eq. 46 underpredicts k,, even taking the highest 
reasonable value of k,". The Bi values were computed using k, from 
both Eqs. 46 and 25 and in both cases fall below the experimental 
values shown in Figure 6. 

The basic problem with this approach is the arbitrary choice of 
d p / 2  as the width of the near-wall region. Decomposition by region 
makes sense when the wall effects really are confined to a layer near 
the wall, as is the case for large dJdP beds. Comparisons with data 
from such beds have been largely successful. For beds with dJdP 
< 10, however, the entire bed is affected by the walls, and no true 
center region exists. In this case, the approach of decomposing 
resistance first by phase corresponds more nearly to reality, and 
this has been illustrated by the success of the formulas derived in 
this way. As dtld, increases, the differences between the two points 
of view become less and are unimportant for &Id, > 15-20. 

An interesting parallel may be drawn with the work of Crane 
and Vachon (1977) on effective conductivity of granular materials 
under stagnant conditions. The thermal resistance analyses are 
referred to as Ohm's law models in their paper, and they distinguish 
two ways of obtaining resistance networks. The network shown in 
Figure 2d corresponds to an assumption of zero lateral conductivity, 
or uniform heat flow in the direction of the overall temperature 
gradient, in this case the radial direction. As the resistance of the 
individual parallel branches (fluid and solid) differ, the potential 
(temperature) will be different in each lateral plane. Conversely, 
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T A B L E ~ .  PREDICTIONS OF THE FORMULAS OF KUNII ET AL. 
FOR STEEL SPHERES, dJd, = 7.5 

100 21.5 0.23 0.76 0.87 1.08 0.54 
200 36.1 0.26 0.97 0.73 1.39 0.46 
300 49.0 0.28 1.19 0.62 1.68 0.40 
400 60.8 0.31 1.40 0.57 1.96 0.38 
500 71.8 0.33 1.62 0.51 2.23 0.35 

the network shown in Figure 9a corresponds to an assumption of 
infinite lateral conductivity, so that the potential is constant in each 
lateral plane, and the radial heat flow along each branch is not 
constant. Thus, at a distance of dp/2 (or any other) from the wall, 
the fluid and solid temperatures can be taken as equal, allowing 
the two branches to meet. Crane and Vachon found that the two 
approaches produced bounds on a wide range of experimental data, 
which narrowed as the ratio of phase conductivities became closer 
to unity. In the present case this ratio is krs/k,f, which should cer- 
tainly depart from unity as Re increases. It is quite consistent, 
therefore, that there are considerable differences in the predictions 
of equations based on the different thermal resistance models. 

The persistent discrepancies in the predictions of Eqs. 42-46 are 
due, as remarked above, to the need to choose a point at which to 
change from center-bed resistances to wall-region resistances. Such 
a point is invariably chosen close to the wall, where it is unlikely 
that fluid and solid temperatures are really equal, as is assumed in 
42-46. The identity of the two approaches in the limit d t / d p  - 

is due to the extra resistance in the wall region becoming negli- 
gible compared to the center-bed resistance. 

Finally it may be noted that the intuitively appealing idea of 
additivity of the fluid and solid phase conductivities, due to their 
mechanisms acting in parallel, has not been altogether lost. Instead, 
Eq. 14 shows that it must be applied to total, or bed average, con- 
ductivities only, and not to those in subregions of the bed. 

THERMAL RESISTANCE MODELS OF AXIAL HEAT 
TRANSFER 

The perturbation-collocation analysis of Dixon and Cresswell 
(1979) led to the formula 

ka = kaf + k, 1 + [ haR R Bi, + 4 
for the effective axial conductivity. This may also be interpreted 
in terms of resistances, and with obvious changes in notation, 
gives 

It does not appear possible, however, to find any physical model 
that is represented by this combination of resistances. It may be 
noted, however, that if interphase resistance is ignored (Rf, = O), 
then a simple addition of resistances in parallel results 

1 1 1  
&,tot Raf Ras 

(49) 

In fact numerical evaluation of the bracketed term above shows 
that it is close to unity for all but small values of Re. 

The above observations, in addition to the somewhat arbitrary 
placement of Rfs for the radial heat transfer case, suggest that the 
appearance of the interphase terms in the model matching for- 
mulas may well be an artifact of the particular approximation 
method chosen. The radial discretization of the two-phase model 
equations leads to a coupled pair of boundary-value problems, 
which may be solved analytically only in two special cases: 

+ -  -- _ -  

1. Equality of solid and fluid temperatures. 

May, 1985 Page 833 



2. Negligible axial conduction in the solid phase. 
Dixon and Cresswell (1979) developed an approximate solution 

by perturbation away from the exact solution found under the 
second assumption above. It is thus not surprising that the axial 
effective conductivity formula was affected by that choice. 

It is also possible to develop an approximate solution by per- 
turbing away from the exact solution found under the first as- 
sumption above, by identifying N ,  as a large parameter in the 
equation, rather than k, as a small one. The model-matching 
formulas obtained in that case are 

ka = kaf + k, (50) 

and 

(35) 
k, Bi - k,f Bif k,, Bi, 
kf Bi + 4 kf Bif + 4 

+ -~ 
kf Bi, + 4 

-- 

and the interphase terms do not appear. 
It can be shown that identifying N ,  as a large parameter is 

equivalent to assuming large Re; a similar analysis can be made 
for small Re. Both collocation-perturbation analyses give Eqs. 35 
and 50. For high Re it is then appropriate to match the one-phase 
and fluid temperatures, giving Bi = Sir, and for low Re one 
matches one-phase and solid temperatures, giving Bi = Bi,; the 
earlier “short form” results then follow directly. 

NOTATION 

All heat transfer parameters defined in terms of total area (void + nonvoid) normal to the direction of heat transfer. 

a 
dP 
dt 
G 
h 
h* 
hm 
k 
L 
ko 
41. 
r 
A 
R 
Tau 
TC 
T W  

U 
U’ 
Bi 
Bi 
NS 
NF 
Nu 
Pe 
Pr 
Re 

= specific interfacial surface area 
= pellet diameter 
= tube diameter 
= superficial mass flow rate 
= heat transfer coefficient 
= wall thermal layer heat transfer coefficient 
= fluid radiation heat transfer coefficient 
= thermal conductivity 
= bed average thermal conductivity 
= stagnant bed thermal conductivity 
= radial heat flux 
= radial coordinate 
= tube radius (when unsubscripted) 
= thermal resistance per unit wall area (subscripted) 
= bed average temperature 
= bed centerline temperature 
= temperature of heated section wall 
= overall heat transfer coefficient (based on Tw - Tao) 
= overall heat transfer coefficient (based on Tw - T,) 
= wall Biot number (h,R/k,) 
= stagnant bed wall Biot number ( h z / k i )  
= ahR2/k, 
= ahR2/kvf 
= Nusselt number ( h d p / k f )  
= heat transfer Peclet number (Gcfd, /k)  
= Prandtl number ( p c f / k f )  
= Reynolds number (Gdp/,u) 

Greek Letters 

t = bed void fraction 
XI = smallest root of BiJo(X)  - XJl(h) = 0 

Subscripts 

a = axial 
C = centerbed 

= fluid phase 
= pellet P 

r = radial 
S = solid phase 
w = wall 

f 
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